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CONTRACTIVE LINEAR PRESERVERS OF ABSOLUTELY
COMPATIBLE PAIRS BETWEEN C∗-ALGEBRAS
NABIN K. JANA, ANIL K. KARN AND ANTONIO M. PERALTA
Abstract. Let a and b be elements in the closed ball of a unital C∗-
algebra A (if A is not unital we consider its natural unitization). We shall
say that a and b are domain (respectively, range) absolutely compatible
(a△db, respectively, a△rb, in short) if
∣
∣
∣|a| − |b|
∣
∣
∣ +
∣
∣
∣1 − |a| − |b|
∣
∣
∣ = 1
(respectively,
∣
∣
∣|a∗| − |b∗|
∣
∣
∣ +
∣
∣
∣1 − |a∗| − |b∗|
∣
∣
∣ = 1), where |a|2 = a∗a.
We shall say that a and b are absolutely compatible (a△b in short)
if they are both range and domain absolutely compatible. In general,
a△db (respectively, a△rb and a△b) is strictly weaker than ab
∗ = 0
(respectively, a∗b = 0 and a ⊥ b). Let T : A→ B be a contractive linear
mapping between C∗-algebras. We prove that if T preserves domain
absolutely compatible elements (i.e., a△db ⇒ T (a)△dT (b)) then T is a
triple homomorphism. A similar statement is proved when T preserves
range absolutely compatible elements. It is finally shown that T is a
triple homomorphism if, and only if, T preserves absolutely compatible
elements.
1. Introduction
In a C∗-algebra A we can consider two natural relations among pairs of
elements these notions are “zero product” and “orthogonality”. Elements
a, b in A have zero product (respectively, zero products) if ab = 0 (respec-
tively, ab = ba = 0), while a and b are called orthogonal (a ⊥ b in short)
if ab∗ = b∗a = 0. Being orthogonal is a symmetric relation. A couple of
non-symmetric relations can be defined by ab∗ = 0 and b∗a = 0, respectively.
Orthogonality is defined in terms of the product and involution of the
C∗-algebra. Several characterizations of orthogonality can be found, for
example, in [8, Corollary 8] and [17, Theorem 2.1]. For an order-theoretic
approach, we present some notation. Given an element a in a C∗-algebra
A, we shall write |a| = (a∗a)1/2 for the absolute value of the element a in
A. Let a and b be two positive elements in the closed unit ball of a unital
C∗-algebra A, then by [17, Proposition 4.1], a is orthogonal to b if, and only
if, the following two conditions hold:
(O.1) a+ b ≤ 1;
(O.2) |a− b|+ |1− a− b| = 1.
The second condition above gives rise to the notion of absolute compati-
bility. Following the notation introduced in [17], given two positive elements
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a, b in the closed unit ball of a unital C∗-algebra A, we shall say that a is
absolutely compatible with b (a△b in short) if |a− b|+ |1− a− b| = 1.
Clearly, the relation “being absolutely compatible to” is symmetric. By
definition if 0 ≤ a is absolutely compatible with 0 ≤ b (with a, b ∈ [0, 1]A =
{x ∈ A : 0 ≤ x ≤ 1}), then {a, 1−a} is absolutely compatible with {b, 1−b},
where a set S ⊆ A is said to be absolutely compatible with another set T ⊆ A
if each element in S is absolutely compatible with every element of T .
It is shown in [17, Proposition 4.9] that if p is a projection and a is an
arbitrary positive element in the closed unit ball of a unital C∗-algebra,
then a△p if, and only if, a and p commute. However, absolute compatibility
is not, in general, equivalent to commutativity nor to orthogonality. For
example, the elements a =
(
2
3
1
3
1
3
1
3
)
and b =
(
2
3 −13
−13 13
)
are positive
and absolutely compatible in M2(C), with ab 6= ba 6= 0. The whole picture
is well explained by the following strict inclusion
{(a, b) ∈ A2 : 0 ≤ a, b ≤ 1, a ⊥ b} $ {(a, b) ∈ A2 : 0 ≤ a, b ≤ 1, a△b}.
Continuous linear maps between C∗-algebras preserving orthogonal ele-
ments have been widely studied. The pioneering study of M. Wolff in [29]
provides a complete description of those continuous linear and symmetric
operators between C∗-algebras preserving orthogonal elements.
Ng.-Ch. Wong proves in [30, Theorem 3.2] that a continuous linear op-
erator T between two C∗-algebras is a triple homomorphism (i.e. a linear
mapping preserving triple products of the form {a, b, c} = 12(ab∗c+ cb∗a)) if,
and only if, T is orthogonality preserving and T ∗∗(1) is a partial isometry. It
should be remarked here that a triple homomorphism between C∗-algebras
(or, more generally, between JB∗-triples) is automatically continuous and
contractive (see [2, Lemma 1]).
Continuous linear maps between C∗-algebras preserving pairs of orthog-
onal elements have been completely determined in [4] (see [5] for a Jordan
version). Briefly speaking, by [4, Theorem 17 and Corollary 18], given a
bounded linear mapping T between two C∗-algebras A and B, then denot-
ing h = T ∗∗(1) and r = r(h) the range partial isometry of h in B∗∗, it follows
that T is orthogonality preserving if, and only if, one of the equivalent state-
ments holds:
(a) There exists a unique triple homomorphism S : A → B∗∗ satisfying
h∗S(z) = S(z∗)∗h, hS(z∗)∗ = S(z)h∗, and
T (z) = hr(h)∗S(z) = S(z)r(h)∗h, for all z ∈ A;
(b) T preserves zero triple products, that is, {T (x), T (y), T (z)} = 0 when-
ever {x, y, z} = 0.
The hypothesis concerning continuity can be relaxed at the cost of assuming
alternative assumptions, for example, every linear surjection T between von
Neumann algebras preserving orthogonality in both directions (i.e. a ⊥ b⇔
T (a) ⊥ T (b)) is automatically continuous (see [6, Theorem 19]). Additional
results on automatic continuity of linear biorthogonality preservers on some
other structures can be seen in [21, 22, 10, 24] and [18]. For additional details
on orthogonality preservers the reader is referred to the recent survey [19].
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The previous results show that bounded linear operators T which are
orthogonality preserving are nothing but appropriate multiples of Jordan
∗-homomorphisms after considering an alternative Jordan product in the
target C∗-algebra.
In view of the characterization of orthogonality established by conditions
(O.1) and (O.2), the problem of determining those contrractive linear oper-
ators between C∗-algebras preserving absolutely compatible elements seems
a natural step forward in the study of linear preservers. First, we need to
extend the notion of absolute compatibility to hermitian and general ele-
ments.
Let a, b be elements in the closed ball of a unital C∗-algebra A (if A is
not unital we consider its natural unitization). We shall say that a and b
are domain (respectively, range) absolutely compatible (a△db, respectively,
a△rb, in short) if |a| and |b| (respectively, if |a∗| and |b∗|) are absolutely
compatible, that is,
∣∣∣|a|− |b|∣∣∣+ ∣∣∣1−|a|− |b|∣∣∣ = 1 (respectively, ∣∣∣|a∗|− |b∗|∣∣∣+∣∣∣1− |a∗| − |b∗|∣∣∣ = 1). Finally, a and b are called absolutely compatible (a△b
in short) if they are range and domain absolutely compatible. Having this
new notions in mind, we show that the following statements hold whenever
a and b are elements in the closed unit ball of A:
(a) ab∗ = 0 if, and only if, |a|+ |b| ≤ 1 and a△db if, and only if, |a|+ |b| ≤ 1
and a∗△rb∗;
(b) b∗a = 0 if, and only if, |a∗| + |b∗| ≤ 1 and a∗△db∗ if, and only if,
|a∗|+ |b∗| ≤ 1 and a△rb;
(c) a ⊥ b if, and only if, |a|+ |b| ≤ 1, |a∗|+ |b∗| ≤ 1, a△rb, and a△db;
When a and b are self adjoint, then a ⊥ b if, and only if, |a| + |b| ≤ 1, and
a△b (see Proposition 2.3). These statements generalize the characterization
in (O.1) and (O.2).
Among our main results we prove that an element a in the closed unit ball
of a C∗-algebra is a projection if, and only if, a△a. In particular a positive
element a in A with a ≤ 1 is a projection if, and only if, a△a. This is
the starting point to show that every contractive linear operator T between
von Neumann algebras preserving domain absolutely compatible elements
(i.e., a△db ⇒ T (a)△dT (b)) or range absolutely compatible elements (i.e.,
a△rb ⇒ T (a)△rT (b)) is a triple homomorphism (see Proposition 3.1 and
Corollary 3.4). The reciprocal implication is, in general, false (cf. Remark
3.3).
The existence of C∗-algebras admitting no non-trivial projections makes
the problem of extending the above conclusion to contractive operators be-
tween general C∗-algebras a more difficult technical goal, which is finally
established in Theorem 3.2. We finally prove that a contractive linear oper-
ator between two C∗-algebras preserves absolutely compatible elements (i.e.,
a△b⇒ T (a)△T (b)) if, and only if, T is a triple homomorphism (see Corol-
lary 3.5). It should be added here that, a priori, there exists no obvious
connection between linear orthogonality preservers and absolute compati-
bility preservers.
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2. Absolutely compatible elements in the closed unit ball of a
C∗-algebra
The range projection of an element a in a von Neumann algebra M is the
smallest projection p in M satisfying pa = a. The range projection of a will
be denoted by r(a) (see, for example, [23, 2.2.7]).
Henceforth the positive cone of a C∗-algebra A will be denoted by A+.
Let a and b be elemnets in a C∗-algebra A. Following the notation in
[19, 18], we shall say that a and b are range orthogonal (respectively, domain
orthogonal) if a∗b = 0, or equivalently, |a∗| ⊥ |b∗| (respectively, if ab∗ = 0,
or equivalently, |a| ⊥ |b|). Clearly, a ⊥ b if, and only if, a and b are range
and domain orthogonal (that is, |a| ⊥ |b| and |a∗| ⊥ |b∗|). In order to keep
a consistent notation we introduce the next definitions.
Definition 2.1. Let a, b be elements in the closed ball, BA, of a unital C∗-
algebra A. We shall say that a and b are domain absolutely compatible
(a△db in short) if |a| and |b| are absolutely compatible, that is,∣∣∣|a| − |b|∣∣∣+ ∣∣∣1− |a| − |b|∣∣∣ = 1.
We shall say that a and b are range absolutely compatible (a△rb in short)
if |a∗| and |b∗| are absolutely compatible, that is,∣∣∣|a∗| − |b∗|∣∣∣+ ∣∣∣1− |a∗| − |b∗|∣∣∣ = 1.
Finally, a and b are called absolutely compatible (a△b in short) if they are
range and domain absolutely compatible.
If A is not unital we shall say that a and b are (range, domain) abso-
lutely compatible if they are (range, domain) absolutely compatible in the
unitization of A. Obviously, a△db if, and only if, a∗△rb∗.
Remark 2.2. Suppose A is a commutative unital C∗-algebra of the form
A = C(Ω), where Ω is a compact Hausdorff space. In this setting, given
f, g ∈ BA, we have f△g if, and only if, f△dg if, and only if, f△rg. Further-
more, f△dg if, and only if, the following properties hold:
(a) f(t)g(t) = 0 for every t ∈ Ω such that |f(t)|, |g(t)| < 1;
(b) If |g(t)| = 1, for a certain t ∈ Ω, then f(t) can take any value in BC;
(c) If |f(t)| = 1, for a certain t ∈ Ω, then g(t) can take any value in BC.
After widen the notion of absolute compatibility to general elements in
the closed unit ball of a C∗-algebra, our next goal is a extension of the
characterization of orthogonality established in [17, Proposition 4.1].
Proposition 2.3. Let a and b be two elements in the closed unit ball of a
unital C∗-algebra A. Then the following statements hold:
(a) ab∗ = 0 if, and only if, |a|+ |b| ≤ 1 and a△db if, and only if, |a|+ |b| ≤ 1
and a∗△rb∗;
(b) b∗a = 0 if, and only if, |a∗| + |b∗| ≤ 1 and a∗△db∗ if, and only if,
|a∗|+ |b∗| ≤ 1 and a△rb;
(c) a ⊥ b if, and only if, |a|+ |b| ≤ 1, |a∗|+ |b∗| ≤ 1, a△rb, and a△db;
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When a and b are self adjoint, then a ⊥ b if, and only if, |a| + |b| ≤ 1, and
a△b.
Proof. Clearly (c) follows from (a) and (b), and (b) follows from (a) by just
replacing a and b with a∗ and b∗, respectively.
(a) (⇒) Suppose ab∗ = 0. It is not hard to see that, in this case, we have
|a| ⊥ |b| in [0, 1], and hence by [17, Proposition 4.1] we get |a|+ |b| ≤ 1 and
|a|△|b|, and thus a△db.
(⇐) Suppose |a| + |b| ≤ 1 and a△db (i.e. |a|△|b|). It follows from [17,
Proposition 4.1] that |a| ⊥ |b|, and consequently ab∗ = ar(a∗a)r(b∗b)b∗ =
0. 
The following result, which has been borrowed from [17] shows how the
notion of absolute compatibility is related to the natural Jordan product
(a ◦ b := 12(ab+ ba)).
Proposition 2.4. [17] Let A be a unital C∗-algebra and let 0 ≤ a, b ≤ 1 in
A. Then the following statements are equivalent:
(a) a is absolutely compatible with b;
(b) 2a ◦ b = a+ b− |a− b|;
(c) a ◦ b, (1− a) ◦ (1− b) ∈ A+ and (a ◦ b)
(
(1− a) ◦ (1− b)
)
= 0;
(d) a ◦ (1− b), (1− a) ◦ b ∈ A+ and
(
a ◦ (1− b)
)(
(1− a) ◦ b
)
= 0.
Proof. The equivalences follow from [17, Propositions 4.5 and 4.7] and the
fact that if a is absolutely compatible with b then {a, 1 − a} is absolutely
compatible with {b, 1− b}. 
We shall explore next the consequences of the above results. The first one
is a new characterization of projections and partial isometries.
Corollary 2.5. Let A be a C∗-algebra. Then the following statements hold:
(a) If a is a positive element in BA, then a is a projection if, and only if,
a△a;
(b) If a is an element in BA, then a is a partial isometry if, and only if,
a△a.
Proof. We shall only prove (b) because (a) is a consequence of this statement.
Suppose a is an element in BA with a△a. By definition |a|△|a|, and by
Proposition 2.4, we conclude that 2|a|2 = |a|+ |a| − ||a| − |a|| = 2|a|, which
assures that |a| is a projection, and hence a is a partial isometry.
If a is a partial isometry in A, then |a| is a projection, and thus |a|△|a|
as desired. 
Let us observe that the recent survey [9] gathers a wide list of results
characterizing partial isometries. The characterization of partial isometries
in terms of absolute compatibility offers a new point of view.
3. Linear contractions preserving absolutely compatible
elements
We can now deal with linear preservers of absolutely compatible elements
between von Neumann algebras. Let T : A → B be a contractive linear
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mapping between C∗-algebras. We shall say that T preserves absolutely
compatible elements (respectively, domain or range absolutely compatible
elements) if a△b in BM implies T (a)△T (b) in BN (respectively, a△db in
BM implies T (a)△dT (b) or a△rb in BM implies T (a)△rT (b)). Since Defini-
tion 2.1 is only valid for elements in the closed unit ball, linear absolutely
compatible elements must be assumed to be contractive.
Suppose T : A→ B preserves absolutely compatible elements. Let us take
a, b ∈ BA with a ⊥ b. In this case a△b and |a|+|b|, |a∗|+|b∗| ≤ 1 (cf. Proposi-
tion 2.3). By hypothesis, T (a)△T (b), and |T (a)|, |T (a)∗|, |T (b)|, |T (b)∗ | ≤ 1.
However, it is not, a priori, clear that |T (a)|+ |T (b)|, |T (a)∗|+ |T (b)∗| ≤ 1.
So, it is not obvious that T preserves orthogonality.
Proposition 3.1. Let T : M → N be a contractive linear operator between
von Neumann algebras. Suppose T preserves domain absolutely compatible
elements. Then T is a triple homomorphism. Furthermore, if T also is
symmetric, then Φ = T (1)T is a Jordan ∗-homomorphism and T = T (1)Φ.
If we additionally assume that T is positive (i.e. T (a) ≥ 0 for all a ≥ 0),
then T is a Jordan ∗-homomorphism.
Proof. We can always assume that T is non-zero. Let e be a partial isometry
in M . Since T (e) ∈ BN , it follows that e△de (see Corollary 2.5). By
hypothesis T preserves absolute compatibility, therefore T (e)△dT (e), and
Corollary 2.5 implies that T (e) is a partial isometry in N .
Suppose now that e and v are orthogonal partial isometries in M . It
follows from the above paragraph that T (e) ± T (u) = T (e ± u) is a partial
isometry in N , and consequently T (e) ⊥ T (u) (compare, for example, [15,
Lemma 3.6]). Suppose e1, . . . , em are mutually orthogonal partial isometries
in M and α1, . . . , αm are positive real numbers. It follows from the above
that the element a =
m∑
j=1
αjej satisfies
{T (a), T (a), T (a)} =

T

 m∑
j=1
αjej

 , T

 m∑
j=1
αjej

 , T

 m∑
j=1
αjej




=
m∑
j=1
α3jT ({ej , ej , ej}) = T ({a, a, a}).
Since the von Neumann algebra M can be regarded as a JBW∗-triple in
the sense employed in [14], we can apply a well known result of JB∗-triple
theory affirming that every element b in M can be approximated in norm by
finite (positive) linear combinations of mutually orthogonal partial isome-
tries (also called tripotents) in M , to deduce, from the continuity of T , that
T ({b, b, b}) = {T (b), T (b), T (b)}, for ever b ∈M . Since T is complex linear,
a standard polarization argument shows that T is a triple homomorphism
(compare the proof of [7, Theorem 2.2]).
Suppose now that T is symmetric. In this case, T (1) must be a hermitian
partial isometry, and thus T (1) = p − q, where p and q are two orthogonal
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partial isometries in N . We also know that
T (a) = T{a, 1, 1} = {T (a), T (1), T (1)} = 1
2
(T (a)(p + q) + (p + q)T (a)),
and
T (b) = T{1, b, 1} = {T (1), T (b), T (1)} = (p − q)T (b)(p− q),
for all a ∈ M , b ∈ Msa. It follows that T (a)(p + q) = (p + q)T (a) =
(p + q)T (a)(p + q) = T (a) for every a ∈ M , and T (b)T (1) = T (b)(p − q) =
(p − q)T (b) = T (1)T (b) for all b ∈ Msa (and thus, for every b ∈ M). It is
not hard to check that, in this case we have
Φ(a2) = T (1)T (a2) = T (1)T ({a, 1, a}) = T (1){T (a), T (1), T (a)}
= T (1)T (a)T (1)T (a) = Φ(a)2,
for all a ∈M . The rest is clear. 
We shall see next that the conclusion of our previous Proposition 3.1
is also true for contractive linear operators preserving domain absolutely
compatible elements between general C∗-algebras. The existence of (unital)
C∗-algebras admitting no non-trivial projections makes invalid our previ-
ous arguments in the general case. The difficulties in the general case are
stronger. Another handicap is that it is not obvious that if T : A → B is
a contractive linear operator preserving domain absolutely compatible ele-
ments, then T ∗∗ : A∗∗ → B∗∗ also preserves domain absolutely compatible
elements. Henceforth, the spectrum of an element a in a C∗-algebra A will
be denoted by σ(a).
Let us recollect some basic results on the strong∗ topology of a von Neu-
mann algebra. By Sakai’s theorem (see [27, Theorem 1.7.8]) the product
of every von Neuman algebra is separately weak∗-continuous, however joint
weak∗-continuity is, in general, hopeless. Let M be a von Neumann al-
gebra. The strong∗ topology on M is the locally convex topology on M
defined by all seminorms of the form ‖x‖φ := φ(xx∗ + x∗x)
1
2 , where φ runs
in the set of positive norm-one normal functional in M∗ (see [27, Definition
1.8.7]). The strong∗ topology is stronger than the weak∗-topology, and a
functional ϕ : M → C is weak∗-continuous if, and only if, it is strong∗-
continuous. In particular, linear maps between von Neumann algebras are
strong∗-continuous if, and only if, they are weak∗-continuous [27, Theorem
1.8.9, Corollary 1.8.10]. The product of every von Neumann algebra is jointly
strong∗-continuous on bounded sets (cf. [27, Proposition 1.8.12]).
Let (cλ)λ be a net of positive elements in the closed unit ball of a von
Neumann algebraM converging to a positive element c0 ∈ BM in the strong∗
topology. Let f : [0, 1]→ R be a continuous function. Let us fix a norm-one
functional φ ∈M∗. By Weierstrass approximation theorem, for each ε > 0,
there exists a polynomial p satisfying ‖f − p‖∞ < ε3 . By the joint strong∗-
continuity of the product of M , the net (p(cλ))λ converges to p(c0) in the
strong∗ topology. We can therefore find λ0 such that |φ(p(cλ)− p(c0))| < ε3
for every λ ≥ λ0, and consequently,
|φ(f(cλ)− f(c0))| ≤ 2‖f − p‖∞ + |φ(p(cλ)− p(c0))| < ε,
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for every λ ≥ λ0. This shows that (f(cλ))λ → f(c0) in the weak∗ topology.
That is
(1) If (cλ)λ is a bounded net of positive elements in M and (cλ)λ → c0
in the strong∗ topology, then for each continuous function f : [0, 1]→ R
the net (f(cλ))λ converges to f(c0) in the weak
∗ topology.
Suppose now that (aλ)λ is a net in BM converging to a0 in the strong∗
topology. It follows from the joint strong∗ continuity of the product that
(|aλ|2)λ = (a∗λaλ)λ → a∗0a0 = |a0|2 in the strong∗ topology of M . We deduce
from (1) that (|aλ|)λ → |a0| in the strong∗ topology. Fix now a normal state
φ ∈M∗. The identity
‖|aλ| − |a0|‖2φ = 2φ
(
(|aλ| − |a0|)2
)
= 2
(
φ
(|aλ|2)+ φ (|a0|2)− φ (|aλ||a0|)− φ (|a0||aλ|)) ,
together with the separate weak∗-continuity of the product of M prove that
‖|aλ| − |a0|‖2φ → 0. That is
(2) If (aλ)λ → a0 in the strong∗ topology with (aλ)λ bounded,
then (|aλ|)λ → |a0| in the strong∗ topology.
Theorem 3.2. Let T : A→ B be a contractive linear operator between two
C∗-algebras. Suppose T preserves domain absolutely compatible elements.
Then T is a triple homomorphism. Furthermore, if T is symmetric, then
Φ = T ∗∗(1)T is a Jordan ∗-homomorphism and T = T ∗∗(1)Φ. If we addi-
tionally assume that T is positive, then T is a Jordan ∗-homomorphism.
Proof. Let us fix an element a in A. Since, in general, we can not find an
spectral resolution for a, we shall employ a device due to Akemann and
G.K. Pedersen. Let a = u|a| be the polar decomposition of a in A∗∗, where
u is a partial isometry in A∗∗, which in general does not belong to A. It is
further known that u∗u is the range projection of |a| (r(|a|) in short), and
for each h ∈ C(σ(|a|)), the space of all continuous complex valued functions
on σ(|a|) ⊆ [0, 1] with h(0) = 0, the element uh(|a|) ∈ A (see [1, Lemma
2.1]).
Let us fix a set of the form C = [α, β] ∩ σ(|a|) with α, β ∈ [0, 1]. For n
large enough we define two positive continuous functions fn, gn : σ(|a|)→ C
given by
fn(t) :=


1, if t ∈ [α, β]
affine, in [α− 1n , α] ∪ [β, β + 1n ]
0, if t ∈ [0, α − 1n ] ∪ [β + 1n , 1]
and
gn(t) :=


1, if t ∈ [α+ 1n , β − 1n ]
affine, in [α,α + 1n ] ∪ [β − 1n , β]
0, if t ∈ [0, α] ∪ [β, 1].
It is no hard to check that the elements an := ufn(|a|) and bn := ugn(|a|)
belong to the closed unit ball of A with an△dbn for n large enough (compare
Remark 2.2). Therefore, T (an)△dT (bn) for n large enough, because, by
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hypothesis, T preserves domain absolutely compatible elements. Proposition
2.4 implies that
(3) 2|T (an)| ◦ |T (bn)| = |T (an)|+ |T (bn)| − ||T (an)| − |T (bn)||,
for n large enough.
Clearly the sequences (an) and (bn) converge in the strong
∗ topology of
A∗∗ to the partial isometries uχ[α,β]∩σ(|a|) and uχ(α,β)∩σ(|a|), respectively. As
usually, we identify the bidual of the C∗-subalgebra of A generated by |a|
with its weak∗ closure in A∗∗. Now, since T ∗∗ : A∗∗ → B∗∗ is strong∗-
continuous, taking strong∗-limits in (3), we deduce from (2) that
(4) 2|T ∗∗(uχ[α,β]∩σ(|a|))| ◦ |T ∗∗(uχ(α,β)∩σ(|a|))| = |T ∗∗(uχ[α,β]∩σ(|a|))|
+|T ∗∗(uχ(α,β)∩σ(|a|))| −
∣∣|T ∗∗(uχ[α,β]∩σ(|a|))| − |T ∗∗(uχ(α,β)∩σ(|a|))|∣∣ .
Since partial isometries of the form uχ(α,β)∩σ(|a|) (respectively, uχ[α,β]∩σ(|a|))
can be approximated in the strong∗ topology by sequences of the form
(uχ(α+ 1
n
,β− 1
n
)∩σ(|a|))n and (uχ[α+ 1
n
,β− 1
n
]∩σ(|a|))n (respectively, by sequences
of the form (uχ(α− 1
n
,β+ 1
n
)∩σ(|a|))n and (uχ[α− 1
n
,β+ 1
n
]∩σ(|a|))n), we can deduce
from (4) that
(5) 2|T ∗∗(uχ(α,β)∩σ(|a|))|2 = 2|T ∗∗(uχ(α,β)∩σ(|a|))|
(respectively,
(6) 2|T ∗∗(uχ[α,β]∩σ(|a|))|2 = 2|T ∗∗(uχ[α,β]∩σ(|a|))|.)
The above identities assure that T ∗∗(uχ(α,β)∩σ(|a|)) and T
∗∗(uχ[α,β]∩σ(|a|))
are partial isometries. We can now apply similar arguments and the above
conclusions to deduce that T ∗∗(uχ(α,β]∩σ(|a|)) and T
∗∗(uχ[α,β)∩σ(|a|)) are par-
tial isometries for every α, β ∈ [0, 1].
Fix now α1 < β1 < α2 < β2 in [0, 1]. For n large enough we can consider
the positive continuous functions fn, gn : σ(|a|)→ C defined by
f±n (t) :=


1, if t ∈ [α1, β1]
affine, in [α1 − 1n , α1] ∪ [β1, β1 + 1n ]±1, if t ∈ [α2, β2]
affine, in [α2 − 1n , α2] ∪ [β2, β2 + 1n ]
0, if t ∈ [0, α1 − 1n ] ∪ [β1 + 1n , α2 − 1n ] ∪ [β2 + 1n , 1]
and
g±n (t) :=


1, if t ∈ [α1 + 1n , β1 − 1n ]
affine, in [α1, α1 +
1
n ] ∪ [β1 − 1n , β1]
±1, if t ∈ [α2 + 1n , β2 − 1n ]
affine, in [α2, α2 +
1
n ] ∪ [β2 − 1n , β2]
0, if t ∈ [0, α1] ∪ [β1, α2] ∪ [β2, 1].
By repeating the above reasonings to the partial isometries uχ[α1,β1]∩σ(|a|)±
uχ[α2,β2]∩σ(|a|) and uχ(α1,β1)∩σ(|a|)±uχ(α2,β2)∩σ(|a|), and the functions f±n and
g±n , we deduce that the elements
T ∗∗(uχ(α1,β1)∩σ(|a|) ± uχ(α2,β2)∩σ(|a|)), T ∗∗(uχ[α1,β1]∩σ(|a|) ± uχ[α2,β2]∩σ(|a|)),
T ∗∗(uχ(α1,β1]∩σ(|a|)±uχ(α2,β2]∩σ(|a|)), and T ∗∗(uχ[α1,β1)∩σ(|a|)±uχ[α2,β2)∩σ(|a|)),
all are partial isometries. This is enough to conclude that the elements
T ∗∗(uχ[α,β)∩σ(|a|)) and T
∗∗(uχ[β,γ)∩σ(|a|)) are partial isometries for every α <
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β < γ ∈ [0, 1]. Since the element a can be approximated in norm by a finite
positive linear combination of partial isometries of the form uχ[α,β)∩σ(|a|),
we prove, as in the proof of Proposition 3.1, that
T ({a, a, a}) = {T (a), T (a), T (a)},
witnessing that T is a triple homomorphism. 
Next, we shall complete the conclusion of Theorem 3.2 with a series of
examples.
Remark 3.3. Let us fix a two (unital) C∗-algebras A and B. Suppose
Φ : A → B is a ∗-homomorphism. Its is easy to check that Φ(1) is a
projection satisfying that 1 − Φ(1) is orthogonal to every element in the
image of Φ. Let us take a, b in A with a△db. Since Φ(|x|) = |Φ(x)|, for
every x ∈ A, we have∣∣∣1− |Φ(a)| − |Φ(b)|∣∣∣ + ∣∣∣|Φ(a)| − |Φ(b)|∣∣∣
=
∣∣∣1− Φ(1) + Φ(1)− Φ(|a|)− Φ(|b|)∣∣∣+ ∣∣∣Φ(|a|)− Φ(|b|)∣∣∣
= 1− Φ(1) + Φ(|1− |a| − |b||) + Φ(
∣∣∣|a| − |b|∣∣∣)
= 1− Φ(1) + Φ(|1− |a| − |b||+
∣∣∣|a| − |b|∣∣∣) = 1− Φ(1) + Φ(1) = 1,
witnessing that Φ preserves domain absolutely compatible elements.
Every ∗-homomorphism between C∗-algebras preserves (range/domain)
absolutely compatible elements.
Let Ψ : A→ B be a ∗-anti-homomorphism. If we pick a, b in A with a△db
(respectively, a△rb), it is not hard to check that∣∣∣1− |Ψ(a)∗| − |Ψ(b)∗|∣∣∣+ ∣∣∣|Ψ(a)∗| − |Ψ(b)∗|∣∣∣
=
∣∣∣1−Ψ(1) + Ψ(1)−Ψ(|a|)−Ψ(|b|)∣∣∣+ ∣∣∣Ψ(|a|)−Ψ(|b|)∣∣∣
= 1−Ψ(1) + Ψ(|1− |a| − |b||) + Ψ(
∣∣∣|a| − |b|∣∣∣)
= 1−Ψ(1) + Ψ(|1− |a| − |b||+
∣∣∣|a| − |b|∣∣∣) = 1−Ψ(1) + Ψ(1) = 1,
(respectively,∣∣∣1− |Ψ(a)| − |Ψ(b)|∣∣∣ + ∣∣∣|Ψ(a)| − |Ψ(b)|∣∣∣
=
∣∣∣1−Ψ(1) + Ψ(1)−Ψ(|a∗|)−Ψ(|b∗|)∣∣∣+ ∣∣∣Ψ(|a∗|)−Ψ(|b∗|)∣∣∣
= 1−Ψ(1) + Ψ(|1− |a∗| − |b∗||) + Ψ(
∣∣∣|a∗| − |b∗|∣∣∣)
= 1−Ψ(1) + Ψ(|1− |a∗| − |b∗||+
∣∣∣|a∗| − |b∗|∣∣∣) = 1−Ψ(1) + Ψ(1) = 1),
witnessing that Ψ(a)△rΨ(b) (respectively, Ψ(a)△dΨ(b)). Consequently, Ψ
preserves absolutely compatible elements.
Let us take now two unitary elements u, v ∈ B(H) with vu, vu 6= 1. Then
the mapping Ψ : B(H) → B(H), Ψ(x) := uxv is a triple homomorphism,
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but it is not symmetric nor multiplicative. However, for each x ∈ B(H), we
have |Ψ(x)|2 = Ψ(x)∗Ψ(x) = v∗x∗u∗uxv = v∗|x|2v = Φ1(|x|2), where Φ1 :
B(H) → B(H) is the ∗-automorphism given by Φ1(x) = v∗xv (x ∈ B(H)).
Given a, b in A with a△db, it follows that∣∣∣1− |Ψ(a)| − |Ψ(b)|∣∣∣ + ∣∣∣|Ψ(a)| − |Ψ(b)|∣∣∣
=
∣∣∣1− Φ1(|a|) −Φ1(|b|)∣∣∣+ ∣∣∣Φ1(|a|)− Φ1(|b|)∣∣∣ = 1,
because Φ1 is a
∗-automorphism. That is, Ψ preserves domain absolutely
compatible elements. We similarly prove that Ψ preserves range absolutely
compatible elements.
Contrary to the previous two examples, our third choice shows that the
reciprocal implication in Theorem 3.2 is not always valid. Let us consider
T : M2(C) → M2(C), T (a) = at the transpose of a. Clearly, T is a ∗-anti-
automorphism and a triple isomorphism. Let us take two minimal partial
isometries e and v such that e∗e = |e| =
(
1 0
0 0
)
= p, v∗v = |v| =(
0 0
0 1
)
= 1 − p, ee∗ = |et| = 1− p and vv∗ = |vt| = 12
(
1 1
1 1
)
= r. It
is not hard to see that
|1− |e| − |v|| +
∣∣∣|e| − |v|∣∣∣ = 1, and |1− |at| − |bt||+ ∣∣∣|at| − |bt|∣∣∣ = √2 1,
therefore T does not preserve domain absolutely compatible elements.
Corollary 3.4. Let T : A → B be a contractive linear operator between
two C∗-algebras. Suppose T preserves range absolutely compatible elements.
Then T is a triple homomorphism. Moreover, if T is symmetric, then Φ =
T ∗∗(1)T is a Jordan ∗-homomorphism and T = T ∗∗(1)Φ. If we additionally
assume that T is positive, then T is a Jordan ∗-homomorphism.
Proof. It is easy to check that the linear mapping S : A→ B, S(x) := T (x∗)∗
preserves domain absolutely compatible elements. Theorem 3.2 assures that
S (and hence T ) is a triple homomorphism. 
The characterization of triple homomorphism in terms of preservers of
absolutely compatible elements reads as follows.
Corollary 3.5. Let T : A→ B be a contractive linear operator between two
C∗-algebras. Then T preserves absolutely compatible elements (i.e., a△b⇒
T (a)△T (b)) if, and only if, T is a triple homomorphism.
Proof. The “only if” implication follows from Theorem 3.2. To prove the
“if” implication suppose that T is a triple homomorphism. It follows from
the separate weak∗-continuity of the product of A∗∗ and the weak∗-density
of A in A∗∗ (Goldstine’s theorem) that T ∗∗ : A∗∗ → B∗∗ is a triple homomor-
phism. We can therefore assume that A and B are von Neumann algebras
and T is weak∗ continuous.
Let e = T (1). Clearly, e is a partial isometry in B, T (A) ⊆ ee∗Be∗e =
{e, {e, T (A), e}, e} = {T (1), {T (1), T (A), T (1)}, T (1)}, e∗eBe∗e is a von Neu-
mann subalgebra of B, and the mapping Φ : A→ e∗eBe∗e, Φ(a) := e∗T (a) is
a Jordan ∗-homomorphism. By [3, Theorem 2.3] or by [16, Theorem 10], we
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can find two weak∗-closed ideals I and J of A such that A = I⊕∞ J , I ⊥ J ,
Φ1 = Φ|I : I → e∗eBe∗e is a ∗-homomorphism and Φ2 = Φ|J : J → e∗eBe∗e
is a ∗-anti-homomorphism, and Φ1(a) ⊥ Φ2(b), for every a ∈ I, b ∈ J . We
have seen in Remark 3.3 that Φ1 and Φ2 both preserve absolutely compatible
elements. Let us denote p1 = Φ1(1), p2 = Φ2(1), and let pi1 and pi2 denote
the natural projections of A onto I and J , respectively. Since T (x) = eΦ(x)
for every x ∈ A, the identities
|T (a)|2 = T (a)∗T (a) = Φ(a)∗e∗eΦ(a) = Φ(a∗)Φ(a)
= Φ1(pi1(a
∗))Φ1(pi1(a))+Φ2(pi2(a
∗))Φ2(pi2(a)) = Φ1(|pi1(a)|2)+Φ2(|pi2(a)∗|2),
and
|T (a)∗|2 = T (a)T (a)∗ = eΦ(a)Φ(a)∗e∗ = eΦ1(|pi1(a)∗|2)e∗ + eΦ2(|pi2(a)|2)e∗,
hold for every a ∈ A. We observe that the mapping x 7→ eΦ1(x)e∗ = Φ˜1(x)
from I into ee∗Bee∗ is a ∗-homomorphism and x 7→ eΦ2(x)e∗ = Φ˜2(x) from
J into ee∗Bee∗ is a ∗-anti-homomorphism.
If we take a, b ∈ A with a△b, by applying that Φ1 and Φ2 have orthogonal
images, we conclude, via Remark 3.3, that∣∣∣1− |T (a)| − |T (b)|∣∣∣+ ∣∣∣|T (a)| − |T (b)|∣∣∣
=
∣∣∣1− Φ1(|pi1(a)|) − Φ2(|pi2(a)∗|)− Φ1(|pi1(b)|)− Φ2(|pi2(b)∗|)∣∣∣
+
∣∣∣Φ1(|pi1(a)|) + Φ2(|pi2(a)∗|)− Φ1(|pi1(b)|) −Φ2(|pi2(b)∗|)∣∣∣
= 1− (p1 + p2) +
∣∣∣p1 − Φ1(|pi1(a)|)− Φ1(|pi1(b)|)∣∣∣
+
∣∣∣Φ1(|pi1(a)|)− Φ1(|pi1(b)|)∣∣∣ + ∣∣∣p2 −Φ2(|pi2(a)∗|)− Φ2(|pi2(b)∗|)∣∣∣
+
∣∣∣Φ2(|pi2(a)∗|)− Φ2(|pi2(b)∗|)∣∣∣
= 1− (p1 + p2) + Φ1
(∣∣∣pi1(1) − |pi1(a)| − |pi1(b)|∣∣∣)
+Φ1
(∣∣∣|pi1(a)| − |pi1(b)|∣∣∣)+Φ2 (∣∣∣pi2(1) − |pi2(a)∗| − |pi2(b)∗|∣∣∣)
+Φ2
(∣∣∣|pi2(a)∗| − |pi2(b)∗|∣∣∣) = 1− p1 − p2 + p1 + p2 = 1,
and similarly,∣∣∣1− |T (a)∗| − |T (b)∗|∣∣∣+ ∣∣∣|T (a)∗| − |T (b)∗|∣∣∣
= 1− (p1 + p2) + Φ˜1
(∣∣∣pi1(1)− |pi1(a)∗| − |pi1(b)∗|∣∣∣)
+ Φ˜1
(∣∣∣|pi1(a)∗| − |pi1(b)∗|∣∣∣)+ Φ˜2 (∣∣∣pi2(1)− |pi2(a)| − |pi2(b)|∣∣∣)
+ Φ˜2
(∣∣∣|pi2(a)| − |pi2(b)|∣∣∣) = 1− p1 − p2 + p1 + p2 = 1.
We have therefore shown that T (a)△T (b), which finishes the proof. 
Linear absolutely compatible preservers are naturally linked to another
class of maps which has been well studied in the setting of preservers. Let
A and B denote two C∗-algebras. Accordingly to the standard notation in
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[11, 12] (see also [13, 20, 25, 26] and [28]), we say that a linear map Φ : A→ B
preserves absolute values if Φ(|a|) = |Φ(a)|, for every a ∈ A. The detailed
study published by L.T. Gardner in [11, 12] shows that a bounded linear
mapping T : A→ B preserves absolute values if, and only if, it is 2-positive
and preserves elements having zero product if, and only if, it is 2-positive and
preserves positive elements having zero product if, and only if, there exists a
positive element b ∈ B∗∗, and a ∗-homomorphism Ψ : A → B∗∗ such that b
is supported on
⋃
a
rangeΦ(a) and centralizing Φ(A), with Φ(a) = bΨ(a), for
all a ∈ A. Triple homomorphisms between C∗-algebras preserve absolutely
compatible elements but, in general, they do not preserve absolute values
(compare Remark 3.3 and Corollary 3.5). Let T : A → B be a contractive
linear map between unital C∗-algebras. It can be concluded that T preserves
absolutely compatible elements if T preserves absolute values and T (1) is a
partial isometry.
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